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Motivation: Fano in Plasmonics	



Fano-like plasmon resonances on a variety of complex nanostructures 

(Qsca) SINGLE NANOPARTICLES 
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In these types of material, the spectral shape of the Fano resonance 
will depend sensitively on the speci!c frequency dependence of 
ε(ω) and μ(ω). Metamaterials described using the e"ective medium 
approximation have both dipole and quadrupole terms (the electric 
quadrupole term must be retained in the model provided the mag-
netic dipole moment is taken into consideration43). #is means that 
metamaterials are ‘predisposed’ to possessing Fano resonances.

Anisotropy can also enhance Fano resonances in optical materials. 
For a spherical particle with both radial {εr, μr} and transverse {εt, μt} 
anisotropies, an exact solution to the scattering problem, similar to 
Mie theory, can be obtained69. #e intensity of the surface plasmon 
resonance can be greatly enhanced in such anisotropic materials. 

#e intensity of the Fano resonance is enhanced with an increasing 
ratio of εt/εr > 1. Similar Fano resonance enhancement can also be 
obtained for core–shell particles such as nanoshells, owing to the 
ability to easily tune their dipole and quadrupole resonances70,71.

Fano resonances in plasmonic nanostructures
Although Fano resonances occur in light scattering from simple 
spherical particles, the damping of typical metals is too large for 
the Fano resonance to be clearly observed. #e fundamental crite-
rion for a Fano resonance is the interference between a spectrally 
overlapping broad resonance or continuum and a narrow discrete 
resonance. #ese conditions can be satis!ed using tunable coupled 
plasmonic structures made of conventional plasmonic materials 
such as silver or gold. In contrast to spherical particles, both the 
widths and the energies of the plasmon resonances are independ-
ently controlled by changing the geometry of and spacing between 
individual structures.

 Much of the original work on plasmonic Fano resonances was 
carried out on metallic arrays. Here the broad resonance providing 
the continuum for the narrow Fano resonance is a strongly radiative 
collective dipolar mode formed from a coupling of the plasmons on 
the individual array elements.

Probably the !rst theoretical prediction and subsequent experi-
mental realization of Fano resonances in individual plasmonic 
structures in the optical regime was in dolmen-type slab arrange-
ments72 and the non-concentric ring/disk cavity23,24,27. #e structure 
of this latter system is illustrated in the inset in Fig. 4a. For the con-
centric ring/disk cavity, the interaction between disk and ring plas-
mons is diagonal in multipolar symmetry. #e interaction between 
the dipolar disk and ring plasmons results in a hybridized low-
energy dipolar bonding resonance and a higher-energy antibonding 
resonance. #e lower-energy bonding resonance is subradiant and 
very narrow, as the individual dipole moments of the disk and ring 
are aligned oppositely, reducing the radiative damping. #e broad 
antibonding higher-energy dipolar mode is super-radiant, radiating 
strongly because the dipolar plasmons of the individual disk and 
ring are aligned and oscillate in phase. #is mode thus provides a 
broad continuum.

Symmetry breaking in the concentric ring/disk cavity allows 
coupling between the narrow quadrupolar ring plasmon modes and 
the antibonding super-radiant dipolar continuum (Fig. 4a, black 
line). For a system of su$cient size and appropriate ring thickness, 
the quadrupole mode can be tuned to energies overlapping the con-
tinuum, satisfying the conditions for a Fano resonance. A representa-
tive spectrum of a non-concentric ring/disk cavity is shown in Fig. 4a 
(black line). A pronounced quadrupolar Fano resonance appears at 
the wavelength of 1.5 μm. #e experimental realization of such a 
nanoscopic classical Fano system has recently been demonstrated27. 
An interesting property of the Fano resonance in large non-concen-
tric ring/disk cavity systems is that by simply changing the excitation 
angle, the incident light can couple directly to the quadrupolar ring 
mode22. #is direct coupling will interfere with the ‘normal’ interfer-
ence responsible for the Fano resonance and alter its lineshape. As 
the angle of incidence is changed from perpendicular to grazing, the 
Fano lineshape is continuously modi!ed from a characteristic asym-
metric resonance to a symmetric one. Both the spectral position 
and the Fano resonance lineshape exhibit a high sensitivity to the 
dielectric permittivity of the environment (Fig. 4a,b). Higher-order 
Fano resonances can arise in this system if the dipolar, continuum-
like spectrum of the nanoscale resonator is broad enough to overlap 
with the narrow octupolar resonances. An experimental realiza-
tion of such a system involving a dolmen-type structure is shown in 
Fig. 4c–f (ref. 25). #e experimental spectra (Fig. 4c,f) were obtained 
using single-particle confocal extinction spectroscopy, and can be 
clearly identi!ed with the corresponding constituent modes (Fig. 4d) 
by means of the calculated charge distributions (Fig. 4e).
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Figure 4 | Extinction spectra of non-concentric ring/disk cavity22 and a 
plasmonic dolmen structure25. a,b, E!ect on extinction spectrum of partial 
(a) and complete (b) filling of the cavity (yellow areas in the inset) with a 
dielectric medium of permittivity 1 (black solid), 1.5 (blue dashed) and 3 
(red dotted). The structure is placed on a glass substrate modelled using 
a permittivity of 2.04. Note that the wavelength scale is di!erent in the 
two panels. c, Experimentally observed single-dolmen structure extinction 
spectra for the two polarizations indicated in the inset. d, Numerically 
calculated extinction spectra. e, Surface charge distribution for the two 
Fano resonances in the extinction spectrum for perpendicular polarization 
and for the extinction peak for parallel polarization. f, Measured extinction 
spectra as the polarization of the incoming light beam is continuously 
rotated between the two principal directions. Figure reproduced with 
permission from ref. 22: a,b, © 2008 ACS; ref. 25: c–f, © 2009 ACS.
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Another family of nanostructures that can exhibit sharp Fano 
resonances is !nite clusters (oligomers) of plasmonic nanoparticles. 
Nanoparticle aggregates exhibit plasmonic modes that are linear 
combinations of the plasmon modes of each constituent nanoparticle 
for su"ciently small interparticle separations. For symmetric nano 
particle clusters, one can classify these collective plasmon modes 
using group theory. One example of such a structure is the symmetric 
septamer or heptamer shown in Fig. 5, consisting of a central particle 
surrounded by six equivalent nanoparticles of the same diameter24,34. 
#e point group of this structure is D6h and the collective modes with 
!nite in-plane dipole moments all belong to the E1u irreducible rep-
resentation. Owing to the speci!c symmetry of this structure, the 
collective plasmon modes are hybridized states formed by the inter-
action of the central particle plasmons with the collective plasmon 
modes of the surrounding six-particle ring structure as illustrated in 
Fig. 5a. In this structure, the dipole moment of the collective ring 
mode and the dipole moment of the central particle are almost equal. 
#e resulting bonding mode consists of individual dipolar nanopar-
ticle plasmons oscillating in phase and along the direction of incident 
polarization. For !nite-size nanoparticles, this mode is super-radi-
ant, that is, it exhibits a strong radiative damping and is broadened 
into a continuum. However, for the antibonding mode, the dipolar 
plasmon of the central particle oscillates out of phase with the dipo-
lar mode of the surrounding ring of nanoparticles. #e net dipole 
moment of the antibonding mode is therefore nearly zero, resulting 
in a subradiant plasmon mode that induces a sharp Fano resonance 
in the super-radiant continuum as illustrated in Fig. 5b–d. #is 
Fano resonance, which is remarkably insensitive to small structural 
defects and distortions of the heptamer24, was recently observed in 

the scattering spectra of a self-assembled nanoshell heptamer73 and 
lithographically fabricated heptamer planar disk clusters74. Because 
the Fano resonance in the heptamer is a consequence of the sym-
metry of the structure rather than the shape of the individual parti-
cles, nanolithography methods o$er unique possibilities for tuning 
its spectral properties by structural and geometric control. Fig. 5d 
illustrates the e$ects of nanoparticle coupling on the Fano resonance 
of the heptamer. Here we see how the coupling between the nano-
particles increases with decreasing interparticle distance, resulting in 
a strong Fano resonance for the compact heptamer. When remov-
ing the central plasmonic dot, the counter-oscillating dipole is absent 
and the destructive interference that causes the Fano interference is 
turned o$ (Fig. 5d, right panel). Figure 5e shows two examples of 
Fano resonances in a hexamer and an octumer cluster consisting of 
a central particle and a surrounding ring of particles75. For the hex-
amer of equally sized particles (top le% panel), the dipole moment 
of the ring is smaller than the dipole moment of the central parti-
cle. Consequently, the antibonding state possesses a net total dipole 
moment, is no longer subradiant, and therefore does not induce a 
sharp Fano resonance. By decreasing the size of the central parti-
cle, the antibonding mode becomes subradiant and a clear Fano 
resonance is induced (top right panel). For the octumer consisting 
of equal-size particles (bottom le% panel), the dipole moment of the 
ring is larger than for the central particle. By increasing the size of 
the central particle, the antibonding mode becomes subradiant and 
induces a sharp Fano resonance (bottom right panel). Figure 5f 
shows the extraordinary potential of nanoparticle oligomers for 
localized surface plasmon resonance (LSPR) sensing. As the Fano 
resonance is very sharp, large and clearly observable shi%s of the 
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Figure 5 | Fano resonances in plasmonic nanoparticle clusters. a, Calculated dipole amplitudes of the bonding and antibonding collective dipolar plasmon 
modes in a gold nanoshell heptamer73. b,c, Measured (b) and calculated (c) scattering spectra of a gold nanoshell heptamer73. d, Transmission spectra 
showing the e!ects of coupling in lithographically fabricated gold nanodisk heptamers74. e, Extinction spectra showing how the Fano resonance in silver 
nanosphere hexamers and octumers depend on the size of the central particle75. f, E!ect of a surrounding dielectric medium on the extinction spectrum 
of a silver nanosphere heptamer. g, Example of a large-scale substrate consisting of lithographically fabricated gold nanodisk heptamers74. Scale bar: 1 μm. 
Figure reproduced with permission from ref. 73: a–c, © 2010 AAAS; ref. 74: d,g, © 2010 ACS; ref. 75: e, © 2010 Springer; ref. 24: f, © 2010 ACS.
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Introduction: Fano resonances	


A Fano resonance exhibits a distinctly asymmetric shape with the following functional form: 

where ω0 and γ are standard parameters that denote the position and width of the resonance, 
respectively; F is the so-called Fano parameter, which describes the degree of asymmetry. The 
microscopic origin of the Fano resonance arises from the constructive and destructive interference of a 
narrow discrete resonance with a broad spectral line or continuum. 

Fano, “Effects of configuration interaction on intensities and 
phase shifts”, Phys. Rev.  1961. 

Joe, Satanin, and Kim, “Classical analogy of Fano resonances,” 
Phys. Scr. 2006. 

Miroshnichenko, Flach, Kivshar, Rev. Mod. Phys. 2010 

QUANTUM CLASSICAL 



TNT 2011,Tenerife (Spain) 

Introduction: Fano resonances	



Plasmon-Fano model 
Giannini, Francescato, Amrania, Phillips,  Maier, Nano Lett. 2011 

2836 dx.doi.org/10.1021/nl201207n |Nano Lett. 2011, 11, 2835–2840

Nano Letters LETTER

asymmetry depend on the energy separation between the PR and
DS? (iii) Why does the dip in the Fano resonance have a lower
energy than the peak or vice versa? (iv) What is the effect of the
coupling strength between the DS and PR?

In this Letter, we consider the interaction of a plasmonic
resonance (acting as the CS) with a discrete resonance, in the
framework of the Fano model9,32 (see Figure 1). The result is a
new mixed state that accounts for both excitation paths. We
perform exact calculations of the probability of exciting that
mixed state, and we obtain a simple analytic description of Fano
resonances mediated by PRs. Remarkably, this formulation
enables also the possibility of studying the interaction of DSs
with sharp plasmonic resonances. As an example, we compare
theory and experiment for the extinction cross section of an array
of gold nanoantennas covered with PMMA. The absorption peak
of the PMMA at 1730 cm!1 interferes with the localized surface
plasmon resonance (LSPR), giving rise to a Fano line-shape. We
reproduce these results with a simple formula andwithout any fitting
parameters. As a second example, we apply our theory to an all-
plasmonic system sustaining bright and dark plasmon modes.

The shape of the resonance caused by the coupling of a DS
with a flat CS has the following form,9

σðEÞ ¼ ðE þ qÞ2

E2 þ 1
ð1Þ

Here q is the shape parameter that determines the asymmetry of
the profile and is expressed as the excitation probability ratio
between the discrete and the continuum state. E is the reduced
energy, which depends on the energy of the incident photons E,
on the energy of the DS, Ed, and its width, Γd; E is defined as
2(E ! Ed)/Γd.

23 Three special cases of the Fano formula 1 are
obtained when qf¥, q = 0, and when q is different from 0 or¥.
In the first case, the probability of directly exciting the continuum
is small and the profile is determined by the transition through
the DS; this results in a Lorentzian line-shape (see Figure 1a,
top) and describes, for example, the Breit!Wigner resonance
common in atomic and nuclear scattering.10 When q = 0, a
symmetric antiresonance arises, (see Figure 1a, middle) known

as Breit!Wigner dip;10 when q is finite, an asymmetric line-shape
(see Figure 1a, bottom) is obtained that is typical in many-body
systems and known as Feshbach resonance.10 It has been shown
recently that all three Fano resonance cases can be achieved in
plasmonics, where the formula 1 is widely used in order to
describe these processes.12

Note that in eq 1 no feature of the PR is included. Here we
overcome this limitation by considering that the coupling to theCS is
governed by the excitation of a PR.We first consider the unperturbed
HamiltonianH 0, which has a DS |dæ, with eigenvalue Ed, and a CS
|cæ, with a continuum spectra of eigenvalues E. Following the
prediagonalized states method of Fano, we assume that the DS |dæ
is coupled to the continuum state |cæ by a coupling Hamiltonian
V (see Figure 1b), and the matrix elements ofH 0 and V are

ÆdjH 0jdæ ¼ Ed ¼ 0 ð2aÞ

ÆcjH 0jc0æ ¼ EδðE! E0Þ ð2dÞ

ÆcjV jdæ ¼ v
ffiffiffiffiffiffiffiffiffiffiffi
L ðEÞ

p
ð2cÞ

where we chose the discrete energy state as the origin, i.e., Ed = 0.
|cæ, |c0æ and E, E0 are different states and their respective energies
within the continuum. In eq 2c, the coupling of the discrete state
to the continuum is given by ν(L (E))1/2, i.e. it is determined by
the plasmonic line-shape L (E) and by the coupling factor v. The
plasmonic line-shape L (E) is a Lorentzian with energy position
EP and width ΓP given by the PR

L ðEÞ ¼ 1

1þ E! EP
ΓP=2

" #2 ð3Þ

Also, we assume that all the othermatrix elements ofV are zero, that is

ÆdjV jdæ ¼ ÆcjV jc0æ ¼ 0 ð4Þ
We first solve the eigenvalue problem H |Ψæ = E|Ψæ, where

H = H 0 þ V, and Ψ is the new mixed quasi-CS. Second, we
consider an incident photon in the DS |iæ that is coupled by the
Hamiltonian W to the states |dæ and |cæ (see Figure 1b)

ÆijW jdæ ¼ w ð5aÞ

ÆijW jcæ ¼ g
ffiffiffiffiffiffiffiffiffiffiffi
L ðEÞ

p
ð5bÞ

where w and g are the coupling factors.
The Fano profile is recovered by solving the previous problem

(see Supporting Information) and by calculating the probability
that a photon in state |iæ excites a quasi-CS |Ψæ, that is, |Æi|
W|Ψæ|2. If we normalize the latter result to the probability of
exciting the continuum in the absence of the DS, that is, the PR,
the same result of eq 1 is obtained, but now q and E are also
linked to the PR as

jÆijW jΨæj2

jÆijW jcæj2
¼ ðE þ qÞ2

E2 þ 1
ð6aÞ

q ¼ vw=g
ΓdðEÞ=2

þ E! EP
ΓP=2

ð6bÞ

E ¼ E
ΓdðEÞ=2

! E! EP
ΓP=2

ð6cÞ

Figure 1. (a) Different Fano line-shapes obtained varying the value of the
asymmetry parameter q when the continuum is flat. (b) Fano process with a
plasmonic continuum state; an incident state |iæ excites a quasi-continuum
state obtained from the interaction of a plasmonic resonance, |cæ, with a dis-
crete state |dæ. The interaction is described by the coupling factorsw, g, and v.
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PLASMONICS: SPHERE Mie scattering  

Qsca =
2

q2

�

n

(2n+ 1)
�
|an|2 + |bn|2

�

Qsca Mie NO INTERFERENCE!! 

BROAD mode (Lowest-order, E-Dipole) 
DARK mode (Higher-order, EM Multipole)  
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For non-dissipative media, the optical resonances are reached at 
the points where λ

(a) = 0 (electric resonances) or λ
(b) = 0 (magnetic 

resonances). For a small non-magnetic particle |bλ| << |aλ|, it follows 
from equations (1) and (2) that

 Qsca
2(2λ + 1)

q2=(λ)  

where Q sca
(λ) is the scattering e"ciency for the λth mode. #e res-

onance scattering cross-section thus increases with increasing 
multipolar order λ. #is results in an inverse hierarchy of optical 
resonances64, in contrast to Rayleigh scattering, where the quad-
rupole and higher-order resonances are strongly suppressed. #is 
interesting e$ect of Mie theory for plasmas has been known for a 
long time66. #e inset in Fig. 1 clearly shows the coexistence of broad 
dipole Mie and narrow quadrupole surface plasmon resonances 
near q ≈ 1 for a plasmonic material with ε = −2.1.

Fano resonances require an observable that is sensitive to inter-
ference. For individual solid structures de'ned by a single metallic 
surface, interference does not occur in total scattering or extinc-
tion, because the corresponding e"ciencies are proportional to the 
sum of intensities (equation (1)). In multisurface particles such as 
nanoshells, interferences can be observed in total extinction owing 
to interactions between the various plasmon modes of the system. 
For a solid metallic nanosphere, interference can be observed in its 
di$erential scattering spectra, such as radar back scattering (RBS)63 
or forward scattering (FS), with the e"ciencies: 

 Q q a b

Q q
a b

 (3)

For a small plasmonic particle, the magnetic amplitude is negligible, 
that is, bλ << aλ. #us, the lowest-energy interference occurs for the 
dipole (λ = 1) and quadrupole (λ = 2) amplitudes

the dielectric permittivity ε and the magnetic permeability μ. #e 
scattering amplitudes are de'ned by the Mie formulas:

 a b
a

ai a

b

bi b  (2)

#e functions  and  are expressed as combinations of the 
spherical Bessel and Neumann functions64. For a small size para- 
meter q << 1 and non-magnetic particle (μ = 1), equation (1) yields 
the classical formula for Rayleigh scattering:

  

#is formula holds for positive and negative ε except close to the 
surface plasmon resonance (ε = −2), where it exhibits a singularity 
in the absence of intrinsic damping. With increasing size, higher-
order eigenmodes (quadrupole (λ = 2), octupole (λ = 3) and higher 
multipoles) become important, giving rise to extra resonances that 
lead to oscillations in the scattering e"ciency (see, for example, 
Figure 14.13 in ref. 62). For dielectric optical materials with ε > 1, 
all optical resonances are broad65, and the requirements for a Fano 
resonance, that is, the spectral overlap of broad and narrow reso-
nances, cannot be ful'lled. However, with plasmonic materials, the 
situation is di$erent.

For each angular momentum channel, the plasmon mode can 
have a very di$erent linewidth. Let us consider for example the 
dipole resonance. For −2 < ε < 0 and size parameters q > 1, this 
resonance is broad and strongly damped for dissipative materials 
such as silver and gold. #is is because of the large imaginary part of 
ε near the bulk plasma frequency where these resonances occur for 
realistic sizes. For −5 < ε < −2 and q << 1 the resonance is narrower, 
and for dissipative materials it is comparatively weakly damped (as 
they occur at lower frequencies where the imaginary part of epsilon 
is lower), in particular when ε → −2. For plasmonic materials, these 
broad and narrow resonances appear for all eigenmodes and coexist 
over a range of ε values, as shown in Fig. 1.
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Figure 1 | Trajectories of the three first optical electric resonances aλ. 
The lower (solid) branches present the narrow surface plasmon modes and 
upper (dashed) branches present the broad volume Mie resonances. These 
two branches converge at certain negative values of ε, for example, at ε ≈ −5 
and q ≈ 1.2 for the dipole resonance λ = 1. Insets show plots of dipole (red) 
and quadrupole resonances (blue) versus size parameter at ε ≈ −2.1 and a 
three-dimensional plot of quadrupole λ = 2 electric amplitude on the plane 
of parameters {ε, q}.

Figure 2 | Mie scattering against a solid metallic sphere. Radar back 
scattering (RBS; red) and forward scattering (FS; blue) cross-sections 
versus normalized frequency ω/ωp. The dielectric permittivity ε is 
described by the Drude formula, γ/ωp = 10–3 (weak dissipation), where 
ωp is the plasma frequency and γ is the collision frequency. Parameter 
q = ωpa/c = 0.7. Calculations using equation (3) and the simplified equation 
(4) di"er less than the thickness of the lines. Inset shows polar scattering 
diagrams in the x–z plane (azimuthal angle φ = 0 in Mie theory) near the 
quadrupole resonance of a plasmonic particle. Red lines shows linearly 
polarized light; blue lines represent non-polarized light.
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Fano resonances/Nanospheroid	



López-Tejeira, Rodriguez-Oliveros, Paniagua-Domínguez, Sánchez-Gil, preprint 

Longitudinal plasmon resonances 
Oblique incidence: all modes n=1,2,3,… Separation of variables 

(SVM)~Extended Mie 

Mie-like: NO INTERFERENCE 

Ext-Mie: INTERFERENCE 
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Fano resonances/Nanospheroid	



 Plasmon Fano reso/single-Nano-Spheroids 

 Quasi-analytical approach: Mode interference  

 Odd modes: 1st-3rd interference 

 Even-odd modes: 1st-2nd NO interference 

 Explore other single NP geometries 



TNT 2011,Tenerife (Spain) 

Outline	



•  Introduction: Plasmon Fano reso/single-NP 
•  Nano-Spheroids 

–  Quasi-analytical approach: Mode interference 
•  Nano-rods & nano-wires 

–  Numerical calcs 
–  1st-3rd mode: Spatial interference 

•  Conclusions:               
Spectral & spatial overlap 
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Fano resonances/Nanorod	



López-Tejeira, Rodriguez-Oliveros, Paniagua-Domínguez, Sánchez-Gil, preprint 

Longitudinal L~nλ/2 resonances 
Oblique incidence: all modes n=1,2,3,… FEM-COMSOL 
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Fano-like LSPR/Nanowire	



López-Tejeira, Rodriguez-Oliveros, Paniagua-Domínguez, Sánchez-Gil, arxiv 

Nanowire (~2D Nanorods)  
Longitudinal L=nλeff/2[1-R] resonances  
Normal incidence: odd modes 

n=1 (HW) ► Broad, Bright 
n=3,5,… (HW) ► Narrow, Dark 

2DSIE 

Modified Fano 
line-shape fit 
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Fano resonance/Nanowire	



López-Tejeira, Rodriguez-Oliveros, Paniagua-Domínguez, Sánchez-Gil, preprint 

Spatial Mode Interference 
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Outline	



•  Introduction: Plasmon Fano reso/single-NP 
•  Nano-Spheroids 

–  Quasi-analytical approach: Mode interference 
•  Nano-rods & nano-wires 

–  Numerical calcs 
–  1st-3rd mode: Spatial interference 

•  Conclusions:               
Spectral & spatial overlap 
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Conclusions	



► Fano-like LSPR on a single nanorod 

Plasmonics, 
Nanophotonics, 
Metamaterials, 

…EM 

Sensing, lasing, 
switching, NL 

optics,… 

Explore new physics & configurations 

► Applications: Fano made simple!! 

►Spectral & Spatial overlap 
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